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Vulnerability functions often rely on data from expert opinion, post-
earthquake investigations, or analytical simulations. Combining the information
can be particularly challenging. In this paper, a Bayesian statistical framework is
presented to combining disparate information. The framework is illustrated
through application to earthquake mortality data obtained from the 2005 Pakistan
earthquake and from PAGER. Three different models are tested including an
exponential, a combination of Bernoulli and exponential and Bernoulli and
gamma fit to model respectively zero and non-zero mortality rates. A novel
Bayesian model for the Bernoulli-exponential and Bernoulli-gamma probability
densities is introduced. It is found that the exponential distribution represents the
zero casualties very poorly. The Bernoulli-exponential and Bernoulli-gamma
models capture the data for both the zero and non-zero mortality rates. It is
also shown that the Bernoulli-gamma model fits the 2005 Pakistan data the
best and has uncertainties that are smaller than either the ones from the 2005
Pakistan data or the PAGER data. [DOI: 10.1193/081216EQS133M]

INTRODUCTION

When developing vulnerability or fragility functions, information is often limited and comes
in different forms such as expert opinion, data from post-earthquake investigations, or analytical
simulations. Combining the information from various sources can be particularly challenging.
Singhal and Kiremidjian (1998) first proposed the use of Bayesian statistics to combine heuristic
information with numerically simulated data for developing fragility functions for reinforced con-
crete structures. Several other studies have also deployed Bayesian statistical methods for fragility
analysis of structures (e.g., Choe et al. 2007; Der Kiureghian 1999a, 1999b, 2002; Gardoni et al.
2002; Gardoni et al. 2003; Huang et al. 2010; Koutsourelakis 2010; Zhong et al. 2008). In this
paper, a Bayesian statistical framework is presented to enable a systematic approach for combin-
ing disparate information for developing casualty rates from collapsed buildings. The focus of the
paper is on the development of vulnerability rates that require different probability distributions to
model zero and nonzero mortality rates. The Bayesian treatment of the exponential distribution fit
to mortality rates is developed as an example of conventional Bayesian updating of proba-
bility distributions. The paper presents a novel approach to Bayesian updating of combination
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of probability distributions for mortality rate analysis, in this case the combination of Bernoulli
with exponential and Bernoulli with gamma probability densities. The approach presented in the
paper is general and can be used for fragility analysis whenever there is a need to have multiple
probability distributions to represent the uncertainty of the fragility variables.

The framework is illustrated through application to earthquake mortality data for four
structural types obtained from the 2005 Pakistan earthquake combined with information
from PAGER (Earle et al. 2009, Jaiswal et al. 2009, Wald et al. 2010). This data will be
used in the development of the simple exponential distribution first, and then for
Bernoulli-exponential and Bernoulli-gamma models to better represent the zero and nonzero
mortality rates. In these analyses, the focus is to evaluate the uncertainties in the posterior
mortality marginal distributions that combine the PAGER information and the observed data
and to identify the reduction of epistemic uncertainty.

MORTALITY RATE MODELING

Past observations following major earthquakes have shown that deaths and injuries occur
primarily in structures that have either partially or completely collapsed (e.g., Ferreira et al.
2011, Shoaf et al. 2005, Petal 2011). Structures that have minor to moderate damage but no
collapse rarely cause deaths, the exception being deaths caused by falling objects or debris.
Thus, the mortality rate, X, is defined in the Equation 1 as the fraction of deaths of the total
occupants in a building or a structure that has collapsed.

EQ-TARGET;temp:intralink-;e1;41;386X ¼ Total number of deaths
Total number of occupants

(1)

Models and data on earthquake casualties are very limited and as a result mortality rates
are highly uncertain. To capture this variability, the mortality rate, X, is modeled in this paper
using parametric probability distribution. The form of the probability density function of X,
f X jΘðx j θÞ, is not known and there are several candidate functions examined in this paper.
The parameters of the mortality rate probability distribution are typically obtained from lim-
ited data and the uncertainty on the parameters reflects the epistemic uncertainty in the model.
Consequently, they are modeled as random variables.

In order to combine various sources of data and reduce the uncertainty in the mortality rate
model, the Bayesian framework is utilized to estimate the parameters of the mortality rate prob-
ability distribution by combining information from different data sources. The general Bayesian
formulation for information updating and its application are described in the following sections.

BAYESIAN UPDATING MODEL

The Bayesian formulation for vulnerability functions presented in this paper focuses on
mortality rates, however, it is general and can be applied to any other vulnerability function
analysis. Bayes’s rule provides the basis for combining various sources of information and
data and enables treating the uncertainties in the parameters of the parent distribution of the
random variable X. Equation 2 states Bayes’ rule as follows:

EQ-TARGET;temp:intralink-;e2;41;113f Θ jXðθ j xÞ ¼
f X jΘðx j θÞf ΘðθÞÐ

θ f X jΘðx j θÞf ΘðθÞdθ
(2)
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where x ¼ fx1, x2,…, xng is the set of n independent observations of the random variable X
that has the underlying probability distribution f X jΘðx j θÞ, f ΘðθÞ is the ‘prior distribution’ of
the parameter Θ that represents prior knowledge about the parameter before observing any
data; f Θ jXðθ j xÞ is the “posterior distribution” of the parameter that represents the knowledge
about the parameter after observing data.

PRIOR/POSTERIOR DISTRIBUTION DISTRIBUTUIONS OF Θ

One of the main challenges of the Bayesian approach is to select appropriate distribution
for the parameter(s) Θ and to estimate the distribution based on the information that is avail-
able. The variability captured by the distribution f ΘðθÞ reflects the epistemic uncertainty that,
with sufficient data, can be reduced.

Computing the posterior distribution using Equation 2 can be algebraically complex and
may not have a closed form solution. In special cases, the posterior distribution belongs to
the same family of probability distributions as the prior distribution for a particular parent dis-
tribution (or likelihood function). This family of prior and posterior distributions is said to be
“conjugate” to the corresponding likelihood function. In such a case, the posterior distribution
can be compactly represented by the hyper-parameters updated from the prior using the new
information. Hyper-parameters are parameters that describe the prior distribution of Θ. For
mathematical convenience, we use conjugate distributions to model the parameter distributions.
In the next section, the exponential and gamma distributions will be used to model mortality
rates and we will apply the conjugate distributions for their parameters. Subsequently, a novel
approach for combining Bernoulli-exponential and Bernoulli-gamma distribution prior-posterior
parameters will be presented. Further discussion on conjugate prior-posterior distributions can
be found in Raiffa and Shlaiffer (2000), Rice (1999), and Ang and Tang (2007).

MARGINAL DISTRIBUTION

For the purposes of practical applications, it is desirable to develop one distribution that
combines the uncertainty in the random variable X described by the conditional distribution
f X jΘðx j θÞ and the uncertainty in the parameters Θ described by f ΘðθÞ: Integrating over the
range of values of each of the parameters of the parent distribution of X we the marginal
distribution of X is given by Equation 3.

EQ-TARGET;temp:intralink-;e3;62;244f XðxÞ ¼
ð
θ

f X jΘðx j θÞf ΘðθÞdθ (3)

Either the prior or the posterior distribution of Θ can be used in Equation 3 to obtain the
marginal distribution of X. Equation 3 cannot be obtained in closed form and is typically
estimated using numerical integration.

DEVELOPMENT OF BAYESIAN MODELS FOR MORTALITY RATES

SELECTION OF MORTALITY RATE DISTRIBUTION

In order to select appropriate distributions for mortality rates, analysis was performed
first on existing mortality rates data and the general trends were observed. Mortality rates
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are defined as number of deaths divided by the number of occupants. Data were obtained
for the four categories of construction classes defined as Concrete, Stone, Mud and Stone,
and All combined. The data from the 2005 Pakistan earthquake consists of number
occupants and number of deaths for collapsed buildings in the affected area. The Pakistan
earthquake data were collected by household questionnaire surveys carried out in June
2016 in collaboration with the University of Peshawar in the local language. In all,
530 surveys were done. The interviews assembled two different kinds of information,
descriptive and factual. In many ways, the descriptive accounts provide the best evidence
of what occurred and what was observed by the survivor. There are some limitations to this
data set as a representative sample of those affected. For example, we could only interview
families who survived. For obvious reasons families with no survivors or those that had
migrated could not be interviewed. This could mean there are more reports from people
living in better building types, and from those on flatter lands in our data set.Returned
forms for the uninjured were few for Pakistan. This could be due to the bias introduced
with the selection of heavily damaged villages in Pakistan or to do with the responders
and interviewers not understanding that information on the uninjured and their survival
were just as important as those seriously injured. The number of mortality rates (i.e.,
the number of deaths normalized to the total number of occupants in a building) used
for each construction type is listed in Table 1. The sample mean, standard deviation
and coefficient of variation (COV) for mortality rates in each building category are
also listed in that table.

Several distributions were tested and it was found that the exponential and the gamma
parametric distributions fit the data well. Empirical cumulative distribution functions (eCDF)
of the mortality rate data were developed from the given mortality rate data and were com-
pared with the cumulative distributions (CDFs) of exponential and gamma distribution.

The equations of the probability density function for the exponential and gamma prob-
ability densities are given by Equations 4 and 6, respectively. The mean values and standard
deviations for each distribution are given in Equation 5 and 7.

EQ-TARGET;temp:intralink-;e4;41;287f ðx j λÞ ¼ λe�λx (4)

EQ-TARGET;temp:intralink-;e5;41;256

μ ¼ 1∕λ

σ ¼ 1∕λ ð5Þ

EQ-TARGET;temp:intralink-;e6;41;212f ðx j α, βÞ ¼ βα

ΓðαÞ x
α�1e�βx (6)

EQ-TARGET;temp:intralink-;e7;41;174

μ ¼ α∕β

σ ¼ α∕
ffiffiffi
β

p
ð7Þ

Figures 1a and 1b show examples of eCDFs and fitted exponential and gamma distribu-
tions to the Pakistan 2005 data for concrete and stone structures. From that figure it can be
seen that both the exponential and the gamma distributions follow the general pattern of the
data, however, they underestimate the zero mortality rates. The same results were observed
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with the remaining building categories in the data. In the next section, the Bayesian updating
only for the exponential distribution will be shown when using one distribution for the entire
range of mortality rate values. In the following sections, the results for the combined
Bernoulli and exponential and the Bernoulli and gamma distributions will be presented
as these capute the variations between zero and non-zero mortality rates.

EXPONENTIAL BAYESIAN ANALYSIS

In the previous section, only the information from the observed data was used. Prior to
any data collection, information for Pakistan was available primarily from the Prompt
Assessment of Global Earthquakes for Response (PAGER; Jaiswal et al. 2009). The U.S.
Geological Survey (USGS) developed the PAGER frame work to estimate fatalities caused
by earthquakes. In PAGER, fatality rates were estimated using a combination of fatality sta-
tistics from previous earthquakes and expert judgment. These rates were estimated for multi-
ple construction materials and they represent global rates since they were obtained from
worldwide data (Jaiswal et al. 2009). For the Bayesian analysis, data from PAGER were
used to estimate the prior distribution of the parameter λ. The analysis is performed as
follows.

Figure 1. Empirical CDF from fatality rate data and exponential and gamma distributions fitted
CDFs for (a) concrete structures (b) mud and stone structures.

Table 1. Sample Statistics for mortality rates by building construction class

Construction class Number of samples Sample mean Sample std. dev. Sample COV

Concrete 248 0.125 0.195 1.556
Stone 155 0.092 0.140 1.530
Mud and Stone 41 0.072 0.114 1.590
All 444 0.107 0.181 1.684
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The mortality rate X, ð0 ≤ x ≤ 1Þ is characterized by the exponential distribution given
by Equation 4 with parameter λ. The conjugate distribution on the parameter λ for the expo-
nential distribution is the gamma distribution given by Equation 8:

EQ-TARGET;temp:intralink-;e8;41;603f Λðλ j ω,φÞ ¼ φω

ΓðωÞ λ
ω�1e�φλ (8)

where α and β are called the hyper-parameters of the probability distribution of λ. It should be
noted that these hyper-parameters are different from the ones that were used in Equation 6.

PRIOR DISTRIBUTION FOR λ

Prior mean values of the mortality rate are taken from the Proposed Fatality Rates for
implementation into PAGER. These are the fatality rate values given structural collapse pro-
vided in PAGER (Jaiswal et al. 2009). The coefficient of variation (COV) is assumed to have
a value of 0.30 and is kept constant for all construction types. The fatality rates are presented
as a ratio of the total number of occupants in completely collapsed buildings. The mean
values for each structural type are given as follows:

• Concrete: 0.15
• Stone: 0.06
• Mud and stone: 0.06
• All: 0.11 (Evaluated by taking the weighted mean of concrete, stone, and mud and

stone fatality rates where the weights are the number of structures in each group
corresponding to which are 248, 155, and 41, respectively).

These values are also listed in Table 2 for completeness. The coefficient of variation (COV) is
assumed to be 0.3 for all the four construction types. Using these values for the mean and
coefficient of variation, the hyper-parameters for the gamma distribution of the parameter λ
are estimated and are listed in Table 2.

POSTERIOR DISTRIBUTION FOR λ

Since the gamma distribution is the conjugate distribution of the exponential probability
density, the likelihood function does not need to be developed explicitly. The posterior dis-
tribution follows the same gamma distribution form as the prior, but with the posterior values

Table 2. Prior and posterior hyper-parameters for the gamma distribution on the parameter λ
considering exponential-gamma conjugate pairs for different structural types

Construction
class ωprior φprior

Prior
mean λ

Prior
COV λ ωposterior φposterior

Posterior
mean λ

Posterior
COV λ

Concrete 11.11 1.667 6.67 0.30 259.11 32.78 7.90 0.06
Stone 11.11 0.667 16.67 0.30 166.11 14.87 11.17 0.08
Mud and
stone

11.11 0.667 16.67 0.30 52.11 3.62 14.39 0.14

All 11.11 1.222 9.07 0.30 285.11 30.65 9.30 0.59
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of the hyper-parameters substituted for the prior ones. The hyper-parameters ω and φ for
the posterior distribution on the parameter λ can be obtained using the following equation
(see Ang and Tang 2007):
EQ-TARGET;temp:intralink-;e9;62;603

ωposterior ¼ ωprior þ n

φposterior ¼ φprior þ
Xn
i¼1

xi ð9Þ

where xi are the observed mortality rates from the data and n is the number of observations.
Table 1 listed the number of observations from the 2005 Pakistan earthquake as well as the
sample mean and standard deviation for each building type. The posterior hyper-parameters
are listed in Table 2.

Figure 2 shows the prior and posterior distribution on the parameter λ for concrete and
stone building types. The mean in each case has moved closer to the sample mean, and in all
cases the standard deviation for the posterior is smaller than the prior showing that the
epistemic error in the estimates has been reduced using this approach.

MARGINAL DISTRIBUTION ON MORTALITY RATES, X

Marginal probability density function of mortality rate was defined by Equation 3.
Equation 3 was evaluated using numerical integration with increments of 10−4 for λ and
10−2 for x. After computing the prior and posterior marginal distributions, the prior and pos-
terior mean and standard deviation on mortality rates X are computed also using numerical
integration. The results from these analyses for each of the structural types are given in
Table 3. From these estimates, it is observed that the mean from the posterior marginal
distribution is closer to the sample mean given in Table 1. The standard deviation from
the posterior marginal distribution is smaller than that the standard deviation from both

Figure 2. Prior and posterior gamma distributions of the exponential distribution parameter λ for
(a) concrete structures and (b) stone structures.
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the prior marginal distribution and the sample, which indicates that combining the heuristic
information with the data reduced the overall uncertainty of mortality rate.

Figure 3 shows the prior and posterior cumulative distribution functions (CDF) for con-
crete and stone building types. It can be observed that the posteriors functions fit the data well
for values higher than zero. The zero mortality rate is not predicted well by either the prior or
the posterior marginal distributions. A different approach will be considered in subsequent
sections to capture this difference.

BERNOULLI-EXPONENTIAL BAYESIAN MODEL OF MORTALITY RATES

In this section, zero mortality rates have been considered separately and Bernoulli
Bayesian analysis performed on zero mortality rates is presented. Non-zero mortality
rates are modeled again using exponential Bayesian analysis.

Table 3. Marginal prior, sample, and marginal posterior mean and coefficient of variation of
mortality rates considering exponential-gamma conjugate pairs for different structural types

Construction
class

Prior
marginal
mean, μx

Prior
marginal

COV, σx∕μx

Posterior
marginal
mean, μx

Posterior
marginal

COV, σx∕μx
Sample
mean

Sample
COV

Concrete 0.159 1.038 0.127 1.016 0.125 1.556
Stone 0.066 1.144 0.090 1.036 0.092 1.530
Mud and
Stone

0.066 1.144 0.071 1.059 0.072 1.590

All 0.119 1.089 0.108 1.025 0.107 1.684

Figure 3. Prior and posterior marginal cumulative densities for exponentially distributed mor-
tality rate for (a) concrete structures and (b) stone structures.
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The mortality rate X, defined over the range ð0 ≤ x ≤ 1Þ is now defined over two ranges.
For that purpose, we use a Bernoulli distribution to describe the occurrence of a mortality
rate equal to 0, p0, and we use the exponential probability to model the PDF of the mortality
rate given that it is greater than 0. Therefore, the probability distribution of X is defined in
Equation 10.

EQ-TARGET;temp:intralink-;e10;62;578f ðx j λ, p0Þ ¼
�

p0 for x ¼ 0
ð1� p0Þλe�λx for 0 < x ≤ 1

(10)

Prior and Posterior Distributions for P0 and λ

A beta distribution was used to model the prior distribution of p0 since it is the conjugate
of a Bernoulli distribution and is given by Equation 11.

EQ-TARGET;temp:intralink-;e11;62;491f ðp0 j a, bÞ ¼ Γðaþ bÞ
ΓðaÞΓðbÞ p

a�1
0 ð1� p0Þb�1 for 0 < p0 < 1 (11)

where a and b are the hyper-parameters of the beta probability distribution of p0. Since the
beta distribution is the conjugate of the Bernoulli density function, the posterior distribution
on the parameter p0 will also be a beta with posterior hyper-parameters parameters computed
using the following equations (see Ang and Tang 2007):
EQ-TARGET;temp:intralink-;e12;62;396

aposterior ¼ aprior þ
Xn
i¼1

1fxi ¼ 0g

bposterior ¼ bprior þ n −
Xn
i¼1

1fxi ¼ 0g ð12Þ

where n is the total number of data points and 1fxi ¼ 0g takes the value of 1 when xi ¼ 0 and
0 otherwise. The prior and posterior distributions of λ are again gamma as described pre-
viously. The prior Bernoulli-exponential distribution was set by using PAGER information.
The values of the hyper-parameters for the gamma conjugate probability density of the expo-
nential parameter λwere chosen randomly, and the prior mean value of p0, μp0 , was chosen so
that the mean value of the prior distribution of X for all values greater than or equal to zero,
given in Equation 3, approaches to the mortality rates reported by PAGER. The coefficient of
variation COV of p0 is assumed to be 0.3 for all the four construction types. It was found that
the results do not vary significantly with random selection of the hyper-parameters. For the
particular case of the Pakistan earthquake data, the posterior is governed by the data. Table 4
lists the sample statistics for the zero fatality observations for each of the structural types
considered in the study.

The prior and posterior distributions of the parameter p0 are shown in Figure 4. The prior
and posterior parameters and the respective means and standard deviations are listed in
Table 5. The prior and posterior hyper-parameter values for the gamma conjugate probability
density of the exponential parameter λ are listed in Table 6. The corresponding probability
densities for concrete and stone building types are shown in Figure 5. Table 6 provides pos-
terior mean and standard deviations for the exponential distribution for each of the four
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structural classes and non-zero mortality rates. From Table 4, 5 and 6, it can be observed
that the posterior mean values in all cases are considerably closer to the sample means. The
standard deviations for the posterior distribution of p0 and λ are again smaller than the
prior values. These show that the incorporation of new data reduces the initial epistemic
uncertainties.

Marginal Distributions of Bernoulli-Exponential Mortality Rates

Marginal probability density function of mortality rate is computed using the total prob-
ability theorem and is given in Equation 13

EQ-TARGET;temp:intralink-;e13;41;389

�
μp0 for x ¼ 0

ð1� μp0Þ
Ð
λ f ðx j λÞf ðλÞdλ for 0 < x ≤ 1

(13)

where f ðx j λÞ is the probability distribution of the mortality rate X and f ðλÞ is either the prior
or the posterior of the probability density function of the parameter λ. μp0 is the mean value of

Table 4. Prior and posterior parameters for the zero mortality rate parameter p0 for different
structural types

Construction class
Number of
samples

Houses with zero
fatalities

Fraction with zero
fatalities

Concrete 248 141 0.569
Stone 155 94 0.606
Mud and Stone 41 26 0.634
All 444 269 0.606

Figure 4. Prior and posterior beta distributions of p0 for the Bernoulli distribution for zero fatal-
ities for (a) concrete structures and (b) stone structures.
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p0 obtained from the beta distribution of p0. The marginal distribution defined by Equation 13
was again evaluated using numerical integration.

Table 7 lists the marginal prior and posterior means and standard deviations for the mor-
tality rates with Bernoulli-exponential distribution model. From these estimates it is observed

Table 5. Prior and posterior parameters for the zero mortality rate parameter p0 for different
structural types

Construction
class aprior bprior

Prior
mean p0

Prior
COV p0 aposterior bposterior

Posterior
mean p0

Posterior
COV p0

Concrete 5.170 5.370 0.491 0.30 146.17 112.37 0.565 0.054
Stone 2.004 0.661 0.752 0.30 99.00 61.66 0.576 0.064
Mud and
stone

1.948 0.627 0.757 0.30 27.95 15.63 0.577 0.112

All 3.793 2.484 0.604 0.30 169.79 110.48 0.606 0.048

Table 6. Prior and posterior parameters for the gamma distributed parameter λ considering
exponential-gamma conjugate pairs for different structural types

Construction
class ωprior φprior

Prior
mean λ

Prior
COV λ ωposterior φposterior

Posterior
mean λ

Posterior
COV λ

Concrete 11.11 3.27 3.40 0.30 118.11 34.38 3.44 0.09
Stone 11.11 2.69 4.13 0.30 72.11 16.89 4.27 0.12
Mud and
stone

11.11 2.74 4.06 0.30 26.11 5.69 4.59 0.20

All 11.11 3.09 3.60 0.30 119.11 32.51 3.66 0.09

Figure 5. Prior and posterior gamma distributions of the exponential distribution parameter λ for
(a) concrete structures and (b) stone structures.
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that the mean from posterior marginal distribution is closer to the sample mean given in
Table 1.

Figure 6 shows the marginal cumulative distribution functions (CDF) for the concrete and
stone structural classes. It can be observed that in all the cases the posterior distributions fit
the data closely for all values of mortality rate. More importantly, the distributions appear to
reflect the zero mortality rate better than when only the exponential distribution was used to
model X. Thus, modeling the zero and nonzero mortality rates separately can have a signifi-
cant impact on the fitting of the Pakistan data.

BERNOULLI-GAMMA BAYESIAN ANALYSIS

From previous analysis, in almost all cases it was found that the gamma distribution fits
the data better than the exponential distribution particularly for high values of mortality rates.

Table 7. Marginal prior and posterior means and coefficients of variation for the Bernoulli-
exponential mortality model for different structural types

Construction
class

Prior
marginal
mean, μ 0

x

Prior
marginal

COV, σ 0
x∕μ 0

x

Posterior
marginal
mean, μ 00

x

Posterior
marginal

COV, σ 00
x∕μ 00

x

Sample
mean

Sample
COV

Concrete 0.138 1.569 0.113 1.744 0.125 1.556
Stone 0.058 2.539 0.087 1.924 0.092 1.530
Mud and
stone

0.058 2.561 0.076 2.056 0.072 1.590

All 0.010 1.876 0.098 1.875 0.107 1.684

Figure 6. Prior and posterior marginal cumulative densities for the Bernoulli-exponentially
distributed mortality rate for (a) concrete structures and (b) stone structures.
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Thus, a combined Bernoulli-gamma model is developed for the zero and non-zero mortal-
ity rates.

The occurrence of a mortality rate X equaling 0 is again defined as a Bernoulli distribu-
tion with probability p0, and the distribution of X given that it is greater than 0 is defined as a
gamma distribution. Therefore, in this case the probability distribution of X is defined accord-
ing to Equation 14:

EQ-TARGET;temp:intralink-;e14;62;561f ðx j α, β, p0Þ ¼
� p0 for x ¼ 0

ð1� p0Þ βα

ΓðαÞ x
κ�1e�βx for 0 < x ≤ 1

(14)

The Bayesian analysis of the Bernoulli distribution remains the same as described in
the previous section. The conjugate distribution of the gamma distribution for the non-
zero mortality rates is given by Equation 15. This conjugate distribution has p, q, r, and s
as hyper-parameters of the joint probability distribution of α and β. Then, the posterior dis-
tribution on the parameter will have the same form as Equation 14 with the values of the
hyper-parameters updated with the information obtained from the field observations. The
relationship between the prior and the posterior hyper-parameters for the probability density
are given by Equation 16.
EQ-TARGET;temp:intralink-;e15;62;415

f ðα, βÞ ¼ pα�1e�βq

KΓðαÞrβ�αs for α > 0, β > 0

K ¼
ð
∞

0

pα�1Γðsαþ 1Þ
ΓðαÞrqsαþ1

ð15Þ

EQ-TARGET;temp:intralink-;e16;62;356

pposterior ¼ ppriorP

qposterior ¼ qprior þ S

rposterior ¼ rprior þ nnon-zero

sposterior ¼ sprior þ nnon-zero

P ¼
Y

fi¼1,2,…,n j xi≠0g
xi

S ¼
X

fi¼1,2,…,n j xi≠0g
xi

nnon-zero ¼
Xn
i¼1

1fxi ≠ 0g ð16Þ

Prior and Posterior Distributions for p0 and the Gamma Parameters α and β

As before the prior mean values of mortality rate are taken from PAGER. The prior
values of parameters p, q, r, and s are chosen randomly and different values were tested.
It was observed that the posterior distribution is not affected by this choice of prior values
as the data dominate the posterior parameters. Again, the prior mean value of p0, μp0 , was
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chosen so that the mean value of the prior distribution of X for all values greater than or equal
to zero, given in Equation 3, approaches to the mortality rates reported by PAGER, and the
coefficient of variation of p0 is assumed to be 0.3 for all the construction types.

In this analysis, the prior, sample and posterior mean of the zero mortality rates were
taken identical to the values reported in Table 5 and are repeated here for completeness.
The prior and posterior hyper-parameters for the beta conjugate distribution of the Bernoulli
model are given in Table 8. Table shows the values of the prior, sample and posterior means
for the Bernoulli-gamma combined distributions for the four structural types considered in
this analysis.

Marginal Distributions of Bernoulli-Gamma Mortality Rates

Marginal probability density function of non-zero mortality rate can be computed using
the total probability theorem using Equation 15. The density can be given as follows:

EQ-TARGET;temp:intralink-;e17;41;348f ðxÞ ¼
�

μp0 for x ¼ 0

ð1� μp0Þ
Ð Ð

f ðx j α, βÞf ðα, βÞdαdβ for 0 < x ≤ 1
(17)

Table 8. Prior and posterior hyper-parameters of the conjugate distribution of the gamma-
distributed non-zero mortality rates

Construction class pprior qprior rprior sprior pposterior qposterior rposterior sposterior

Concrete 2 1.23 1.50 1 1.43e-66 32.34 108.5 108
Stone 2 1.23 1.50 1 1.50e-43 15.43 62.5 62
Mud and stone 2 1.23 1.50 1 9.13e-12 4.18 16.5 16
All 2 1.23 1.50 1 3.18e-70 30.65 109.5 109

Figure 7. Posterior marginal cumulative densities for the Bernoulli-Gamma distributed mortality
rate for (a) concrete structures (b) stone structures (c) mud and stone structures and (d) all
structures
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where f ðx j α, βÞ is the parent distribution of the mortality rate X and f ðα, βÞ is the joint
probability density function of the parameters α, β. μp0 is the mean value of p0 obtained
from the beta distribution of p0. The marginal distribution defined by Equation 17 is
again evaluated using numerical integration. Figure 7 shows the cumulative posterior mar-
ginal distribution function for all four structural classes as compared to the data. In all the
cases the posterior distributions fit the data very closely for all values of mortality rate. This
fit is significantly better than any of the previous combinations of analyses.

Table 11 shows the marginal posterior mean and standard deviation for the various struc-
tural types considered in the study. The mean values of the marginal distributions are very
close to the mean values obtained from the posterior Bernoulli-gamma distribution. The stan-
dard deviation of the marginal mortality rate is slightly lower than the standard deviations
obtained from the posterior mortality rate analysis before integrating over the uncertainties on
the parameters.

CONCLUSIONS

In this paper a Bayesian formulation is presented for developing vulnerability functions
and the methodology is used for treating the uncertainties in earthquake mortality rate data.
Three different models are presented and tested with information from PAGER and from the
2005 Pakistan earthquake. The models included exponentially distributed mortality rates for
all values greater than or equal to zero, a combined Bernoulli-exponential model and a com-
bined Bernoulli-gamma model for zero and non-zero mortality rates. The Bayesian formula-
tion for the exponential distribution with gamma-distributed hyper-parameters is first
presented. Values for hyper-parameters of the prior distributions are developed using the
mortality rates provided in PAGER and by assuming that the coefficient of variation is
fixed at 0.3. The posterior hyper-parameters are obtained by combining the prior and
data from Pakistan. In addition, the Bayesian marginal prior and posterior probability den-
sities and cumulative distributions are computed through numerical integration.

Based on the analysis of the exponential model, it is found that the zero mortality rates are
not well represented and introduce a bias on the mortality rates greater than zero prompting a
separate treatment of the zero and non-zero mortality rates. The Bernoulli distribution is used
for the zero mortality rate and either an exponential or gamma distribution is used for the

Table 9. Marginal prior and posterior means and standard deviations for the Bernoulli-Gamma
distributed mortality rate model for different structural types

Construction
class

Prior
marginal
mean, μ 0

x

Prior
marginal

COV, σ 0
x∕μ 0

x

Posterior
marginal
mean, μx

Posterior
marginal

COV, σx∕μx
Sample
mean

Sample
COV

Concrete 0.150 1.292 0.1278 1.460 0.125 1.556
Stone 0.060 2.163 0.1026 1.436 0.092 1.530
Mud and
Stone

0.060 2.281 0.1043 1.424 0.072 1.590

All 0.110 1.566 0.1145 1.475 0.107 1.684
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non-zero mortality rate referred to respectively as the Bernoulli-exponential and the
Bernoulli-gamma models. Novel Bayesian formulations are introduced for the Bernoulli-
exponential and the Bernoulli-gamma models. The conjugate distribution for the Bernoulli
distribution parameter is the beta. The exponential model remains the same as in the first
analysis. A conjugate distribution for the gamma non-zero rates is then defined and used
for the Bayesian analysis of the Bernoulli-gamma model. The formulations for the Bayesian
marginal distributions that integrate over all the parameter PDFs are developed for all models.
These distributions are evaluated numerically as closed form solutions cannot be obtained.
Prior and posterior mean values, standard deviations, and coefficients of variation are also
estimated for all models.

Based on the analysis conducted for the Bernoulli-exponential and the Bernoulli-gamma
combined models, it is found that the Bernoulli-gamma functions are closest to the observed
data. In majority of cases, both the Bernoulli-exponential and the Bernoulli-gamma models
have posterior COVs that are considerably smaller than those for the prior or data pointing to
one of the main advantages of using Bayesian analysis. For the Bernoulli-gamma model, the
posterior marginal COVs of the casualty rates are smaller than the prior COVs, except in one
case. In general, the Bayesian analysis will result in smaller posterior COV than the prior if
the data has a COV that is smaller than that of the prior thus reducing the epistemic uncer-
tainty. It is recommended that the Bernoulli-gamma model be used as this model appears to
best capture the zero and the non-zero rates.
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